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UNIT-2: SUBRINGS AND IDEALS

Subring: Let (R; +,-) bering and S be a non-empty subset of R. If (S; +,-) is ring w.r.to the
two operation in R then we say that S is a subring of R.

Ex:1.(Z; +,) (Q +,) (R; +,7) are all subrings of (C; +,7)
a . . 11 1
2. LetS = {E/a € Z} is not a subring of (Q; +,7) becauseE'E ES= " ¢S

~ Multiplication is not a binary operation.

Remark: 1. Every ring has at least two subrings. They are S= {0} and S=R these are called
trivial subrings. If any other than these subrings exist then it is called as non-trivial subrings.

Theoreml: Let S be a non-empty subset of a ring (R; +,*) then

Sisasubringof R (i)aeS,beS—=a—-beS (iilaecSbeS—=abesS VabEeS.
Proof: Necessary condition (=): Given that S is a subring

Toprovethat (i)aeS,beS=a—beS (ii)aeS,beS=abeS VabeS

since S is a subring = S is a ring under the same operation of R

Now (i)aeS,beS=a€eS,—-beS=a+(-b)€ES =a—-bES
(ilaeS,hbeS=a.beS Va,beS

Sufficient condition (<): Conversely given that S is a non-empty subset of a ring (R; +,)
suchthat (i)ae S, beS=a—b€eS (ii)aeS,hbeES=a.beES Va,beS

To prove that S is a subring

(i) Since S is non-empty. Leta € S

By (i)JaeS,aeS=a—a€eS= 0 €Sso0isthe zero element.

(iBy (i)0eS,aeS=0—a€S= —a €S = —ais additive inverse of 'a’

(iii LetaeS,hbeS=a€S,—-beS =a—-(-b)eES = a+beS so'+ "ishinaryon$S

(iv) Since all the elements of S are in R ( € R) since the operation + is commutative,
associative in R. .. The operation + is commutative, associative in S

(v) By con (ii) " - " is binary operation in S

(vi) Leta,b,c € S = a,b,c € R = (ab)c = a(bc) = ' -'is associative in S
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(vii) Leta,b,ce S=a,b,ceR=a.(b+c)=a.b+a.c and (b+c).a=b.a+c.a
" - "is distributive under addition in S Hence (S; +,-) is aring

Theorem2: The intersection of two subrings of a ring R is a subring of R

Proof: Let S;, S, be two subrings of a ring R. To prove that S; N S, is subring of R

Since Every subring contains at least zero element of the ring. So0 € S;,0€ S, = 0€ S5, NS,
=S5 NS, ¢ and NS, SR

Leta,beES NS, =ab€ES, anda,b €S,

Sincea,b €S; and S,isasubringof R=a—-b€S; anda.b € S; - (1)

Alsoa,b € S, and S, isasubringof R=>a—b€S, anda.b €S, - (2)
From(l)and(2)a—b e S ;NnS,and abe S; NS,

abesS; NS, =a—-—beS; NS,and ab € S; N S,. hence S; N S, is subring of R

Theorem3: If §; and S, are subrings of R then §; U S, issubringof R < §; € S,o0r S, C
51

Proof: Necessary condition (=): Given that S; U S, is subring of R.

To prove that S; € S,or S, € S,

If possible suppose that S; £ S, and S, € S;

SinceS; £S5, = Janelementa € S;and a & S,

also S, €S, = Janelementb €S, and b & S,

~ abeS;US,=a+beS;US,=a+beS,ora+beE S,

Ifa+b€S;:—

a+be€S,a€S; and S, isasubring = a+b—a €S, = b € S; which is absurd.
Ifa+b €S, —

a+beS,beS, and S, isasubring = a+b—b €S, = a €S, which is absurd
& our supposition is a wrong. Hence S; € S,or S, © 53

Sufficient condition (<): Given S;, S, are the subrings of R such that S; € S,0r S, € S,




17

To prove that S; U S, is subring of R

S€S, =S5 US,=5,= 5, US, issubring of R [since S,is a subring of R]

S,C85 =85 US, =5 = 5 US, issubring of R [since S;is a subring of R]
IDEALS

Ideal: Let (R; +,-) be aring. A non-empty subset | of R is called an ideal of R. if

ael,bel=a—-bel (ida€l, r € R = ar € I(Right ideal),

ra € I (left ideal)

Ex: The set of even integers is an ideal of the ring of integers.

Remark:1. Every ideal | of R is subring of R but a subring need not be an ideal. For example the
(Z; +,") isasubring of (R; +,-) but Z is not an ideal of R because 1€ Z,% ER

=>1;=Zezz ~ Zisnot anideal of R
2.1 ={0} is called as null ideal of R and I = R is called as unit ideal of R.

These two ideals are called trivial ideals of R and any other than these ideals exist then
it is called as non — trivial ideals.

Theorem1: The intersection of two ideals of a ring R is an ideal of R

Proof: Let I, I, be two ideals of a ring R. To prove that I; N I, is ideal of R

Since every ideal contains at least zero element of thering. So0 € [;,,0 €, = 0€; N1,
=Lnl#¢pand [ NI, SR

()Leta,bel,nl,=ab€l, anda,b €I,

Sincea,b €l; and I, isanidealof R=>a—-b €,

Alsoa,b €1, and I, isanidealof R=a—b € I,

~a—belj NI,

(il Letael;nl,,andr € Rthena € I;,and a € I,

Nowa € I;,r € Rand I; isanideal of R = ar,ra € I; = (1)




a€l,,r€ERandl,isanideal of R = ar,ra €1, = (2)

From (1) and (2) ar,ra € I; N1,

Thusa € I; nI,,andr € Rthenar,ra € Iy NI, Hencel, NI, isideal of R
Theorem3: If I; and I, are ideals of R then I; U I, isanideal of R < I; € I,or I, € I,
Proof: Necessary condition (=): Given that I; U I,is an ideal of R.

Toprovethat I; € Lorl, € I;

If possible suppose thatI; £ I, and I, € I;

Sincel; £, = Janelementa €l,and a & I,

also I, £ I, = I anelementb €, and b & I;

. a,beljul,=>a—-beljUl,=>a—b€lora—beE I

Ifa—bel:—

a€lj,a—bel,and I, isaideal = a— (a—b) €1, = b € I, which is absurd.
Ifa—be€l,:—

a—b€l,bel, and I, isanideal of R = a—b+ b €I, = a € I, which is absurd
& our supposition is a wrong.Hence I, € Lyor I, € I;

Sufficient condition (<):Given I, I, are the ideals of R such that I, € L,or I, € I,

To prove that I; U I, is an ideal of R

LS, =1LVUIl =1,= I, Ul isanideal of R [since I,is an ideal of R]

I, €, =1L VUl =1 = I, UlLisan ideal of R [since I;is an ideal of R]

Theorem: 3 If I; and I, are ideals of R then I + I, is an ideal of R
Proof: Given I; and I, are ideals of R. To prove that I; + I, is an ideal of R
Since every ideal contains at least zero element of the ring.

(i) SO0€E,0€E,=04+0=0€L+, =L+, #¢

(i) Letx € I; + I, thenx = x; + x, where x; € I, and x, € I,
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X1 €L, =>x,€R(~1,SR),alsox, €I, =x, ER(~ I, SR),
"~ X1 +x, ER Thusl; +1, SR
(iii) Letx,y € I; + I, thenx = x; + x5,y = y1 + y,where x;,y; € I, and x,,y, € I,

Now —y = (x; +x) — (1 +¥2) = (s —y) + (x, —y2) €L+ 1, [ x; —y €], and
Xy — Yz € I]

(iv)Letx €l; + I, and r € R then x = x; + x, where x; € I, and x, € I,

Now rx =r(x; +x,) =rx; +rx, €EL + L, [“rx; €l and rx, €1, ]

Also xr = (xy +x)r =xyr +x,r €L+ I, [+ x37 € I; and x,r € L]

~x€lL+1,, T€ER =>rx,xr€l;+1,

Thus I, + 1, is anideal of R

Theorem:4 If I is an ideal of a ring R with unity and 1€ I thenI = R

Proof: Since I is an ideal of a ring R with unity. By the definition of an ideal of I € R — (1)

Let x be any element of R

~XER=x.1€eR=x.1€l [v1€l ,x€Randlisanidealof R=x.1€1 ]
=x€l ~RCIl—(2)

From (1) &(2) I =R

Theorem5: A field has no proper ideals (OR) Every ideal of a field F has only {0} and F
itself

Proof: Let I be an ideal of a ring F such that I # {0}

Now we prove that I = F By the definition of an ideal of | € F — (1)
Leta € I so that a # 0.

leta#0€F and Fisa field >3a *€F3aal=atla=1
~a€l,aleF, andlisanideal = aa el = 1€l

Let x be any element of F

" XEF=x1€eF=x.1€l[v1€l ,xeFandlisanidealof F=x.1€1 |




= x €l ~FCl—(2)
From (1) &(2) I =F
~ Afield F has no proper ideals

Problems

_([a b , . ,
1.Show that S = {[0 c]/a,b,c € Z} isaSubring of thering of2 X 2
matrices whose elements are integers.

Sol:LetR = {[? Z]/a ,b,c,d € Z} be the ring under addition and multiplications
of matrices.Clearly [8 8] is the zero element of R.

Given S = {[8 IZ]/a,b,c € Z}

To prove that S is Sub ring of R

(i) Clearly S # @and S < R

(ii)Let A,B € Sso that A = [%1 IZi], B = [%2 IZ;] where a,,by,¢1,a,,b,,¢, EZ

Now A —B = [algaz bl_bz] € Ssincea; —az by —by,c; —c, €L

€1 —C
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b b b, +b
Also AB = [C(l)l Ci] [C(l)z Ci] R + 1C2] € S since a,a,,a,1b; + bicy,c10, EZ

0 C1C;

~ AABES >A—-—B€eS;A-BeS = SisSubring of R

_([a b . . .
2.Show that I = {[0 0]/a,b € Z} isa right ideal but not left
ideal of thering of 2 X 2 matrices whose elements are integers.

(OR)

0 o0

Show that I = {[a b]/a,b € Z} isa right ideal but not left

ideal of thering of 2 X 2 matrices whose elements are integers




Sol:Given I = {[g g]/a,b € Z}

Let R be the set of all 2 X 2 matrices whose elements are integers.
~ (R, +,) is ring under addition and multiplications of matrices.
(i) Clearly I # (Z)( [g 8] € I) and I S R.

a;

(ii) Let A, B € I so that A = [0

Iz)l]: B = [%2 %2] where ay, by, a5, b, € Z

a, by

NowA—Bz[alg abz]elsinceal—az,lh—bzez

Let X = [711 rg] € Rwherel,m,n,p €Z

Now AX = [‘61 %1] fl ’g] - [“1l *(; bin “1’"3' blp] =

since a;l + byn,aym + byp €EZL

~ lisaright ideal of R

o1 1
butwehaveA—[O O]ElandX—[1 1]ER
. N I O & O O
"XA_[l 1”0 0]_[1 1]651
~ Iisnot aleftideal of R

a 0 . . .

3.Show thatI = { b 0]/a,b € Z} isaleftideal but notright

ideal of thering of 2 X 2 matrices whose elements are integers.

(OR)
Show that I = {[g Z]/a, b € Z} isa leftideal but notright
ideal of thering of 2 X 2 matrices whose elements are integers
Sol: Given I = {[Z g /a,b € Z}

Let R be the set of all 2 X 2 matrices whose elements are integers.
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~ (R, +,) is ring under addition and multiplications of matrices.

. [0 0

(i) Clearlyli(b(- [0 O]EI) and I S R.

. a, 0 a, 0

(ii) Let A,B € I so that A = [b1 O]; B = [bz 0] where a,,b,,a,,b, €L

0
NowA—B=[Zi O]Elsinceal—az,bl—bzel

_b2

Let X = [111 ZL] € R wherel,m,n,p € Z

[t m][a, a;l +mb,
Now XA_[" p][b1 O] [a1n+b1p 0 !

since a;l + mby,ain +bp €EZL

~ lisaleftideal of R

butwehaveAzE 8]ElandX=H ﬂER

sav=[p ol =l ale

~ lisnot aright ideal of R

4.Show that S = {[g 2]/a,b € Z} isaSubring of thering of

2 X 2 matrices whose elements are integers but which neither left ideal
nor right ideal .

(OR)
0 a . . ,
Show that S = {[b 0]/a,b € Z} isaSubring of thering of

2 X 2 matrices whose elements are integers but which neither left ideal

nor right ideal .
sol:Given s ={[3 |/a,b e}

Let R be the set of all 2 X 2 matrices whose elements are integers.
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~ (R, +,) is ring under addition and multiplications of matrices.

0 0

(i) Clearly S + @ ( [0 0

]ES) and S € R.

0
(ii) Let A,B € I so that A = [061 b ]; B = ]where a;, bi,a,, b, EZL
1

Ob2

a,a, )
Now A —B = [0 b1] [ 0 bz] [ blbz] € S since a;a,, b;b, € Z

— 0
Also AB = [al 2 ] € S sincea; —ay, by — b, €EZ
0 by — b,

~ AB€S >A—-B€eS;A-BeS = SisSubring of R

1 0
0 1

vow xa=[1 1[5 =1 1]es
~ Sisnotaleftideal of R

o =} [ Y=} Yes

1 1

ButforA=[ 11

|les,  x=[; 7|er

~ Sisnotaright ideal of R.

Hence S is neither left ideal nor right ideal




