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UNIT-2: SUBRINGS AND IDEALS 

Subring: Let (𝑅; +,∙ ) be ring and S be a non-empty subset of R. If (𝑆; +,∙ ) is ring w.r.to the 

two operation in R then we say that S is a subring of R. 

Ex: 1. (ℤ; +,∙ )   (ℚ; +,∙ ) (ℝ; +,∙ ) 𝑎𝑟𝑒 𝑎𝑙𝑙 𝑠𝑢𝑏𝑟𝑖𝑛𝑔𝑠 𝑜𝑓  (ℂ; +,∙ )  

2. Let 𝑆 = {
𝑎

2
𝑎⁄ ∈ ℤ} is not a subring of  (ℚ; +,∙ ) 𝑏𝑒𝑐𝑎𝑢𝑠𝑒

1

2
,

1

2
∈ 𝑆 ⟹

1

4
∉ 𝑆 

∴ 𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑏𝑖𝑛𝑎𝑟𝑦 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛. 

Remark: 1. Every ring has at least two subrings. They are S= {0} and S=R these are called 

trivial subrings. If any other than these subrings exist then it is called as non-trivial subrings. 

Theorem1: Let S be a non-empty subset of a ring (𝑹; +,∙ ) then  

S is a subring of R ⟺ (𝒊)𝒂 ∈ 𝑺, 𝒃 ∈ 𝑺 ⟹ 𝒂 − 𝒃 ∈ 𝑺  (𝒊𝒊)𝒂 ∈ 𝑺, 𝒃 ∈ 𝑺 ⟹ 𝒂. 𝒃 ∈ 𝑺    ∀𝒂, 𝒃 ∈ 𝑺. 

Proof: Necessary condition (⟹): Given that S is a subring 

To prove that (𝑖)𝑎 ∈ 𝑆, 𝑏 ∈ 𝑆 ⟹ 𝑎 − 𝑏 ∈ 𝑆  (𝑖𝑖)𝑎 ∈ 𝑆, 𝑏 ∈ 𝑆 ⟹ 𝑎. 𝑏 ∈ 𝑆    ∀𝑎, 𝑏 ∈ 𝑆 

since S is a subring ⟹ S is a ring under the same operation of R 

Now (𝑖)𝑎 ∈ 𝑆, 𝑏 ∈ 𝑆 ⟹ 𝑎 ∈ 𝑆, −𝑏 ∈ 𝑆 ⟹ 𝑎 + (−𝑏) ∈ 𝑆 ⟹ 𝑎 − 𝑏 ∈ 𝑆  

(𝑖𝑖)𝑎 ∈ 𝑆, 𝑏 ∈ 𝑆 ⟹ 𝑎. 𝑏 ∈ 𝑆    ∀𝑎, 𝑏 ∈ 𝑆 

Sufficient condition (⟸): Conversely given that S is a non-empty subset of a ring (𝑅; +,∙ ) 

such that (𝑖)𝑎 ∈ 𝑆, 𝑏 ∈ 𝑆 ⟹ 𝑎 − 𝑏 ∈ 𝑆  (𝑖𝑖)𝑎 ∈ 𝑆, 𝑏 ∈ 𝑆 ⟹ 𝑎. 𝑏 ∈ 𝑆    ∀𝑎, 𝑏 ∈ 𝑆  

To prove that S is a subring 

(i) Since S is non-empty. Let 𝑎 ∈ 𝑆 

By (𝑖)𝑎 ∈ 𝑆, 𝑎 ∈ 𝑆 ⟹ 𝑎 − 𝑎 ∈ 𝑆 ⟹ 0 ∈ 𝑆 𝑠𝑜 0 𝑖𝑠 𝑡ℎ𝑒 𝑧𝑒𝑟𝑜 𝑒𝑙𝑒𝑚𝑒𝑛𝑡. 

(ii) 𝐵𝑦 (𝑖)0 ∈ 𝑆, 𝑎 ∈ 𝑆 ⟹ 0 − 𝑎 ∈ 𝑆 ⟹ −𝑎 ∈ 𝑆 ⟹ −𝑎 𝑖𝑠 𝑎𝑑𝑑𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 ′𝑎′  

(iii) 𝐿𝑒𝑡 𝑎 ∈ 𝑆, 𝑏 ∈ 𝑆 ⟹ 𝑎 ∈ 𝑆, −𝑏 ∈ 𝑆 ⟹ 𝑎 − (−𝑏) ∈ 𝑆 ⟹ 𝑎 + 𝑏 ∈ 𝑆  𝑠𝑜′ + ′ is binary on S 

(iv) Since all the elements of S are in R ( ⊆ 𝑅) since the operation   + is commutative, 

associative in R.    ∴ The operation + is commutative, associative in S 

(v) By con (ii) ′ ∙ ′ is binary operation in S 

(vi) Let 𝑎, 𝑏, 𝑐 ∈ 𝑆 ⟹ 𝑎, 𝑏, 𝑐 ∈ 𝑅 ⟹ (𝑎𝑏)𝑐 = 𝑎(𝑏𝑐) ⟹ ′ ⋅ ′𝑖𝑠 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑖𝑣𝑒 𝑖𝑛 𝑆 
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(vii) Let 𝑎, 𝑏, 𝑐 ∈ 𝑆 ⟹ 𝑎, 𝑏, 𝑐 ∈ 𝑅 ⟹ 𝑎. (𝑏 + 𝑐) = 𝑎. 𝑏 + 𝑎. 𝑐  𝑎𝑛𝑑  (𝑏 + 𝑐). 𝑎 = 𝑏. 𝑎 + 𝑐. 𝑎 

′ ∙ ′ is distributive under addition in S   Hence  (𝑆; +,∙ ) 𝑖𝑠 𝑎 𝑟𝑖𝑛𝑔 

Theorem2: The intersection of two subrings of a ring R is a subring of R 

Proof: Let 𝑆1, 𝑆2 be two subrings of a ring 𝑅. To prove that 𝑆1 ∩ 𝑆2 is subring of 𝑅 

Since Every subring contains at least zero element of the ring. So 0 ∈ 𝑆1, 0 ∈ 𝑆2 ⟹ 0 ∈ 𝑆1 ∩ 𝑆2 

⟹ 𝑆1 ∩ 𝑆2 ≠ 𝜙  and  𝑆1 ∩ 𝑆2 ⊆ 𝑅  

Let 𝑎, 𝑏 ∈ 𝑆1 ∩ 𝑆2 ⟹ 𝑎, 𝑏 ∈ 𝑆1  𝑎𝑛𝑑 𝑎, 𝑏 ∈ 𝑆2 

Since 𝑎, 𝑏 ∈ 𝑆1  𝑎𝑛𝑑  𝑆1 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑟𝑖𝑛𝑔 𝑜𝑓 𝑅 ⟹ 𝑎 − 𝑏 ∈ 𝑆1   𝑎𝑛𝑑 𝑎. 𝑏 ∈ 𝑆1 → (1) 

Also 𝑎, 𝑏 ∈ 𝑆2  𝑎𝑛𝑑  𝑆2 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑟𝑖𝑛𝑔 𝑜𝑓 𝑅 ⟹ 𝑎 − 𝑏 ∈ 𝑆2   𝑎𝑛𝑑 𝑎. 𝑏 ∈ 𝑆2 → (2) 

From (1) and (2) 𝑎 − 𝑏 ∈ 𝑆1 ∩ 𝑆2 𝑎𝑛𝑑  𝑎𝑏 ∈ 𝑆1 ∩ 𝑆2 

𝑎, 𝑏 ∈ 𝑆1 ∩ 𝑆2 ⟹ 𝑎 − 𝑏 ∈ 𝑆1 ∩ 𝑆2 𝑎𝑛𝑑  𝑎𝑏 ∈ 𝑆1 ∩ 𝑆2. ℎ𝑒𝑛𝑐𝑒 𝑆1 ∩ 𝑆2 is subring of 𝑅 

Theorem3: If 𝑺𝟏 𝒂𝒏𝒅 𝑺𝟐 are subrings of 𝑹  then 𝑺𝟏 ∪ 𝑺𝟐 is subring of 𝑹 ⟺ 𝑺𝟏 ⊆ 𝑺𝟐𝒐𝒓 𝑺𝟐 ⊆

𝑺𝟏 

Proof: Necessary condition (⟹): Given that 𝑆1 ∪ 𝑆2 is subring of 𝑅.  

To prove that  𝑆1 ⊆ 𝑆2𝑜𝑟 𝑆2 ⊆ 𝑆1 

If possible suppose that 𝑆1 ⊈ 𝑆2 𝑎𝑛𝑑  𝑆2 ⊈ 𝑆1 

Since 𝑆1 ⊈ 𝑆2 ⟹ ∃ 𝑎𝑛 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑎 ∈ 𝑆1 𝑎𝑛𝑑  𝑎 ∉ 𝑆2  

𝑎𝑙𝑠𝑜   𝑆2 ⊈ 𝑆1 ⟹ ∃ 𝑎𝑛 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑏 ∈ 𝑆2 𝑎𝑛𝑑  𝑏 ∉ 𝑆1   

∴   𝑎, 𝑏 ∈ 𝑆1 ∪ 𝑆2 ⟹ 𝑎 + 𝑏 ∈ 𝑆1 ∪ 𝑆2 ⟹ 𝑎 + 𝑏 ∈ 𝑆1 𝑜𝑟 𝑎 + 𝑏 ∈  𝑆2 

If 𝑎 + 𝑏 ∈ 𝑆1: − 

𝑎 + 𝑏 ∈ 𝑆1, 𝑎 ∈ 𝑆1  𝑎𝑛𝑑  𝑆1 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑟𝑖𝑛𝑔 ⟹ 𝑎 + 𝑏 − 𝑎 ∈ 𝑆1 ⟹ 𝑏 ∈ 𝑆1 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑎𝑏𝑠𝑢𝑟𝑑. 

If 𝑎 + 𝑏 ∈ 𝑆2: − 

𝑎 + 𝑏 ∈ 𝑆2, 𝑏 ∈ 𝑆2  𝑎𝑛𝑑  𝑆2 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑟𝑖𝑛𝑔 ⟹ 𝑎 + 𝑏 − 𝑏 ∈ 𝑆2 ⟹ 𝑎 ∈ 𝑆2 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑎𝑏𝑠𝑢𝑟𝑑 

∴ 𝑜𝑢𝑟 𝑠𝑢𝑝𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑖𝑠 𝑎 𝑤𝑟𝑜𝑛𝑔. 𝐻𝑒𝑛𝑐𝑒  𝑆1 ⊆ 𝑆2𝑜𝑟 𝑆2 ⊆ 𝑆1  

Sufficient condition (⟸): Given 𝑆1, 𝑆2 are the subrings of R such that 𝑆1 ⊆ 𝑆2𝑜𝑟 𝑆2 ⊆ 𝑆1   
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To prove that  𝑆1 ∪ 𝑆2 is subring of 𝑅 

𝑆1 ⊆ 𝑆2 ⟹ 𝑆1 ∪ 𝑆2 = 𝑆2 ⟹ 𝑆1 ∪ 𝑆2 is subring of 𝑅 [since 𝑆2is a subring of R] 

𝑆2 ⊆ 𝑆1 ⟹ 𝑆1 ∪ 𝑆2 = 𝑆1 ⟹ 𝑆1 ∪ 𝑆2 is subring of 𝑅 [since 𝑆1is a subring of R]   

IDEALS 

Ideal: Let (𝑅; +,∙ ) be a ring. A non-empty subset I of R is called an ideal of R. if  

(i) 𝑎 ∈ 𝐼, 𝑏 ∈ 𝐼 ⟹ 𝑎 − 𝑏 ∈ 𝐼              (𝑖𝑖)𝑎 ∈ 𝐼, 𝑟 ∈ 𝑅 ⟹ 𝑎𝑟 ∈ 𝐼( 𝑅𝑖𝑔ℎ𝑡  𝑖𝑑𝑒𝑎𝑙),  

 𝑟𝑎 ∈ 𝐼 (𝑙𝑒𝑓𝑡 𝑖𝑑𝑒𝑎𝑙) 

Ex: The set of even integers is an ideal of the ring of integers. 

Remark:1. Every ideal I of R is subring of R but a subring need not be an ideal. For example the 

(ℤ; +,∙ ) is a subring of  (ℝ; +,∙ ) but  ℤ is not an ideal of ℝ because 1∈ ℤ,
3

4
∈ ℝ 

⟹ 1.
3

4
=

3

4
∉ ℤ        ∴ ℤ 𝑖𝑠 𝑛𝑜𝑡 𝑎𝑛 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 ℝ 

2. 𝐼 = {0} 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎𝑠 𝑛𝑢𝑙𝑙 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅 𝑎𝑛𝑑 𝐼 = 𝑅 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎𝑠 𝑢𝑛𝑖𝑡 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅. 

𝑇ℎ𝑒𝑠𝑒 𝑡𝑤𝑜 𝑖𝑑𝑒𝑎𝑙𝑠 𝑎𝑟𝑒 𝑐𝑎𝑙𝑙𝑒𝑑 𝑡𝑟𝑖𝑣𝑖𝑎𝑙 𝑖𝑑𝑒𝑎𝑙𝑠 𝑜𝑓 𝑅 𝑎𝑛𝑑 𝑎𝑛𝑦 𝑜𝑡ℎ𝑒𝑟 𝑡ℎ𝑎𝑛 𝑡ℎ𝑒𝑠𝑒 𝑖𝑑𝑒𝑎𝑙𝑠 𝑒𝑥𝑖𝑠𝑡 𝑡ℎ𝑒𝑛  

𝑖𝑡 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎𝑠 𝑛𝑜𝑛 − 𝑡𝑟𝑖𝑣𝑖𝑎𝑙 𝑖𝑑𝑒𝑎𝑙𝑠. 

Theorem1: The intersection of two ideals of a ring R is an ideal of R 

Proof: Let 𝐼1, 𝐼2 be two ideals of a ring 𝑅. To prove that 𝐼1 ∩ 𝐼2 is ideal of 𝑅 

Since every ideal contains at least zero element of the ring. So 0 ∈ 𝐼1, 0 ∈ 𝐼2 ⟹ 0 ∈ 𝐼1 ∩ 𝐼2 

⟹ 𝐼1 ∩ 𝐼2 ≠ 𝜙  and  𝐼1 ∩ 𝐼2 ⊆ 𝑅  

(i) Let 𝑎, 𝑏 ∈ 𝐼1 ∩ 𝐼2 ⟹ 𝑎, 𝑏 ∈ 𝐼1  𝑎𝑛𝑑 𝑎, 𝑏 ∈ 𝐼2 

Since 𝑎, 𝑏 ∈ 𝐼1  𝑎𝑛𝑑  𝐼1 𝑖𝑠 𝑎𝑛 ideal 𝑜𝑓 𝑅 ⟹ 𝑎 − 𝑏 ∈ 𝐼1 

Also 𝑎, 𝑏 ∈ 𝐼2  𝑎𝑛𝑑  𝐼2 𝑖𝑠 𝑎𝑛 ideal 𝑜𝑓 𝑅 ⟹ 𝑎 − 𝑏 ∈ 𝐼2    

∴   𝑎 − 𝑏 ∈ 𝐼1 ∩ 𝐼2  

(ii) Let 𝑎 ∈ 𝐼1 ∩ 𝐼2, 𝑎𝑛𝑑 𝑟 ∈ 𝑅 𝑡ℎ𝑒𝑛 𝑎 ∈ 𝐼1, 𝑎𝑛𝑑 𝑎 ∈ 𝐼2 

Now 𝑎 ∈ 𝐼1, 𝑟 ∈ 𝑅 𝑎𝑛𝑑 𝐼1 𝑖𝑠 𝑎𝑛 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅 ⟹ 𝑎𝑟, 𝑟𝑎 ∈ 𝐼1 → (1) 
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𝑎 ∈ 𝐼2, 𝑟 ∈ 𝑅 𝑎𝑛𝑑 𝐼2 𝑖𝑠 𝑎𝑛 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅 ⟹ 𝑎𝑟, 𝑟𝑎 ∈ 𝐼2 → (2) 

From (1) and (2) 𝑎𝑟, 𝑟𝑎 ∈ 𝐼1 ∩ 𝐼2 

Thus 𝑎 ∈ 𝐼1 ∩ 𝐼2, 𝑎𝑛𝑑 𝑟 ∈ 𝑅 𝑡ℎ𝑒𝑛 𝑎𝑟, 𝑟𝑎 ∈ 𝐼1 ∩ 𝐼2      𝐻𝑒𝑛𝑐𝑒 𝐼1 ∩ 𝐼2 is ideal of 𝑅 

Theorem3: If 𝑰𝟏 𝒂𝒏𝒅 𝑰𝟐 are ideals of 𝑹  then 𝑰𝟏 ∪ 𝑰𝟐 is an ideal of 𝑹 ⟺ 𝑰𝟏 ⊆ 𝑰𝟐𝒐𝒓 𝑰𝟐 ⊆ 𝑰𝟏 

Proof: Necessary condition (⟹): Given that 𝐼1 ∪ 𝐼2is an ideal of 𝑅.  

To prove that  𝐼1 ⊆ 𝐼2𝑜𝑟 𝐼2 ⊆ 𝐼1 

If possible suppose that 𝐼1 ⊈ 𝐼2 𝑎𝑛𝑑  𝐼2 ⊈ 𝐼1 

Since 𝐼1 ⊈ 𝐼2 ⟹ ∃ 𝑎𝑛 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑎 ∈ 𝐼1 𝑎𝑛𝑑  𝑎 ∉ 𝐼2  

𝑎𝑙𝑠𝑜   𝐼2 ⊈ 𝐼1 ⟹ ∃ 𝑎𝑛 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑏 ∈ 𝐼2 𝑎𝑛𝑑  𝑏 ∉ 𝐼1   

∴   𝑎, 𝑏 ∈ 𝐼1 ∪ 𝐼2 ⟹ 𝑎 − 𝑏 ∈ 𝐼1 ∪ 𝐼2 ⟹ 𝑎 − 𝑏 ∈ 𝐼1 𝑜𝑟 𝑎 − 𝑏 ∈  𝐼2 

If 𝑎 − 𝑏 ∈ 𝐼1: − 

 𝑎 ∈ 𝐼1, 𝑎 − 𝑏 ∈ 𝐼1, 𝑎𝑛𝑑  𝐼1 𝑖𝑠 𝑎 𝑖𝑑𝑒𝑎𝑙 ⟹ 𝑎 − (𝑎 − 𝑏) ∈ 𝐼1 ⟹ 𝑏 ∈ 𝐼1 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑎𝑏𝑠𝑢𝑟𝑑. 

If 𝑎 − 𝑏 ∈ 𝐼2: − 

𝑎 − 𝑏 ∈ 𝐼2, 𝑏 ∈ 𝐼2  𝑎𝑛𝑑  𝐼2 𝑖𝑠 𝑎𝑛 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅 ⟹ 𝑎 − 𝑏 + 𝑏 ∈ 𝐼2 ⟹ 𝑎 ∈ 𝐼2 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑎𝑏𝑠𝑢𝑟𝑑 

∴ 𝑜𝑢𝑟 𝑠𝑢𝑝𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑖𝑠 𝑎 𝑤𝑟𝑜𝑛𝑔. 𝐻𝑒𝑛𝑐𝑒  𝐼1 ⊆ 𝐼2𝑜𝑟 𝐼2 ⊆ 𝐼1  

Sufficient condition (⟸):Given 𝐼1, 𝐼2 are the ideals of R such that 𝐼1 ⊆ 𝐼2𝑜𝑟 𝐼2 ⊆ 𝐼1 

To prove that 𝐼1 ∪ 𝐼2  is an ideal of 𝑅 

𝐼1 ⊆ 𝐼2 ⟹ 𝐼1 ∪ 𝐼2 = 𝐼2 ⟹ 𝐼1 ∪ 𝐼2 is an ideal of 𝑅 [since 𝐼2is an ideal of R] 

𝐼2 ⊆ 𝐼1 ⟹ 𝐼1 ∪ 𝐼2 = 𝐼1 ⟹ 𝐼1 ∪ 𝐼2is an ideal of 𝑅 [since 𝐼1is an ideal of R]   

 

Theorem: 3 If 𝑰𝟏 𝒂𝒏𝒅 𝑰𝟐 are ideals of 𝑹  then 𝑰𝟏 + 𝑰𝟐 is an ideal of 𝑹 

Proof: Given 𝐼1 𝑎𝑛𝑑 𝐼2 are ideals of 𝑅. To prove that  𝐼1 + 𝐼2 is an ideal of 𝑅  

Since every ideal contains at least zero element of the ring. 

(i)  So 0 ∈ 𝐼1, 0 ∈ 𝐼2 ⟹ 0 + 0 = 0 ∈ 𝐼1 + 𝐼2 ⟹ 𝐼1 + 𝐼2 ≠ 𝜙   

(ii) Let 𝑥 ∈ 𝐼1 + 𝐼2 𝑡ℎ𝑒𝑛 𝑥 = 𝑥1 + 𝑥2 𝑤ℎ𝑒𝑟𝑒 𝑥1 ∈ 𝐼1 𝑎𝑛𝑑  𝑥2 ∈ 𝐼2 
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𝑥1 ∈ 𝐼1 ⟹ 𝑥1 ∈ 𝑅 (∵ 𝐼1 ⊆ 𝑅) , 𝑎𝑙𝑠𝑜 𝑥2 ∈ 𝐼2 ⟹ 𝑥2 ∈ 𝑅 (∵ 𝐼2 ⊆ 𝑅) , 

∴  𝑥1 + 𝑥2 ∈ 𝑅         𝑇ℎ𝑢𝑠 𝐼1 + 𝐼2 ⊆ 𝑅 

(iii) Let 𝑥, 𝑦 ∈ 𝐼1 + 𝐼2 𝑡ℎ𝑒𝑛𝑥 = 𝑥1 + 𝑥2 , 𝑦 = 𝑦1 + 𝑦2𝑤ℎ𝑒𝑟𝑒 𝑥1, 𝑦1 ∈ 𝐼1 𝑎𝑛𝑑  𝑥2, 𝑦2 ∈ 𝐼2   

Now −𝑦 = (𝑥1 + 𝑥2) − (𝑦1 + 𝑦2) = (𝑥1 − 𝑦1) + (𝑥2 − 𝑦2) ∈ 𝐼1 + 𝐼2  [∵ 𝑥1 − 𝑦1 ∈ 𝐼1 𝑎𝑛𝑑  

𝑥2 − 𝑦2 ∈ 𝐼2] 

(iv) Let 𝑥 ∈ 𝐼1 + 𝐼2  𝑎𝑛𝑑  𝑟 ∈ 𝑅 𝑡ℎ𝑒𝑛 𝑥 = 𝑥1 + 𝑥2 𝑤ℎ𝑒𝑟𝑒 𝑥1 ∈ 𝐼1 𝑎𝑛𝑑  𝑥2 ∈ 𝐼2 

Now  𝑟𝑥 = 𝑟(𝑥1 + 𝑥2) = 𝑟𝑥1 + 𝑟𝑥2 ∈ 𝐼1 + 𝐼2 [∵ 𝑟𝑥1 ∈ 𝐼1 𝑎𝑛𝑑  𝑟𝑥2 ∈ 𝐼2  ] 

Also 𝑥𝑟 = (𝑥1 + 𝑥2)𝑟 = 𝑥1𝑟 + 𝑥2𝑟 ∈ 𝐼1 + 𝐼2  [∵ 𝑥1𝑟 ∈ 𝐼1 𝑎𝑛𝑑  𝑥2𝑟 ∈ 𝐼2] 

∴  𝑥 ∈ 𝐼1 + 𝐼2,     𝑟 ∈ 𝑅 ⟹ 𝑟𝑥, 𝑥𝑟 ∈ 𝐼1 + 𝐼2        

 𝑇ℎ𝑢𝑠 𝐼1 + 𝐼2 𝑖𝑠 𝑎𝑛 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅 

Theorem:4 If 𝑰 is an ideal of a ring 𝑹 with unity and 1∈ 𝑰 𝒕𝒉𝒆𝒏 𝑰 = 𝑹  

Proof: Since  𝐼 is an ideal of a ring 𝑅 with unity. By the definition of an ideal of 𝐼 ⊆ 𝑅 ⟶ (1) 

Let 𝑥 be any element of  𝑅  

∴  𝑥 ∈ 𝑅 ⟹ 𝑥. 1 ∈ 𝑅 ⟹ 𝑥. 1 ∈ 𝐼  [∵ 1 ∈ 𝐼  , 𝑥 ∈ 𝑅 𝑎𝑛𝑑 𝐼 𝑖𝑠 𝑎𝑛 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅 ⟹ 𝑥. 1 ∈ 𝐼  ] 

                                  ⟹ 𝑥 ∈ 𝐼         ∴  𝑅 ⊆ 𝐼 ⟶ (2) 

From (1) &(2)   𝐼 = 𝑅 

Theorem5: A field has no proper ideals (OR) Every ideal of a field F has only {0} and F 

itself 

Proof: Let 𝐼 be an ideal of a ring 𝐹 such that  𝐼 ≠ {0} 

Now we prove that 𝐼 = 𝐹   By the definition of an ideal of 𝐼 ⊆ 𝐹 ⟶ (1) 

Let 𝑎 ∈ 𝐼 𝑠𝑜 𝑡ℎ𝑎𝑡 𝑎 ≠ 0.      

 let 𝑎 ≠ 0 ∈ 𝐹  𝑎𝑛𝑑 𝐹 𝑖𝑠 𝑎 𝑓𝑖𝑒𝑙𝑑 ⟹ ∃𝑎−1 ∈ 𝐹 ∋ 𝑎𝑎−1 = 𝑎−1𝑎 = 1    

 ∴  𝑎 ∈ 𝐼, 𝑎−1 ∈ 𝐹, 𝑎𝑛𝑑 𝐼 𝑖𝑠 𝑎𝑛 𝑖𝑑𝑒𝑎𝑙 ⟹ 𝑎𝑎−1 ∈ 𝐼 ⟹ 1 ∈ 𝐼 

Let 𝑥 be any element of  𝐹  

∴  𝑥 ∈ 𝐹 ⟹ 𝑥. 1 ∈ 𝐹 ⟹ 𝑥. 1 ∈ 𝐼  [∵ 1 ∈ 𝐼  , 𝑥 ∈ 𝐹 𝑎𝑛𝑑 𝐼 𝑖𝑠 𝑎𝑛 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝐹 ⟹ 𝑥. 1 ∈ 𝐼  ] 



20 
 

                                  ⟹ 𝑥 ∈ 𝐼         ∴  𝐹 ⊆ 𝐼 ⟶ (2) 

From (1) &(2)   𝐼 = 𝐹 

∴  A field F has no proper ideals   

Problems 

𝟏. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝑺 = {[
𝒂 𝒃
𝟎 𝒄

] 𝒂⁄ , 𝒃, 𝒄 ∈ ℤ}  𝒊𝒔 𝒂 𝑺𝒖𝒃 𝒓𝒊𝒏𝒈 𝒐𝒇 𝒕𝒉𝒆 𝒓𝒊𝒏𝒈 𝒐𝒇𝟐 × 𝟐 

𝒎𝒂𝒕𝒓𝒊𝒄𝒆𝒔 𝒘𝒉𝒐𝒔𝒆 𝒆𝒍𝒆𝒎𝒆𝒏𝒕𝒔 𝒂𝒓𝒆 𝒊𝒏𝒕𝒆𝒈𝒆𝒓𝒔. 

𝑺𝒐𝒍: 𝐿𝑒𝑡 𝑅 = {[
𝑎 𝑏
𝑐 𝑑

] 𝑎⁄ , 𝑏, 𝑐, 𝑑 ∈ ℤ}  𝑏𝑒 𝑡ℎ𝑒 𝑟𝑖𝑛𝑔 𝑢𝑛𝑑𝑒𝑟 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛𝑠 

 𝑜𝑓 𝑚𝑎𝑡𝑟𝑖𝑐𝑒𝑠. 𝐶𝑙𝑒𝑎𝑟𝑙𝑦 [
0 0
0 0

]  𝑖𝑠 𝑡ℎ𝑒 𝑧𝑒𝑟𝑜 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓𝑅. 

 𝐺𝑖𝑣𝑒𝑛 𝑆 = {[
𝑎 𝑏
0 𝑐

] 𝑎⁄ , 𝑏, 𝑐 ∈ ℤ} 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑆 𝑖𝑠 𝑆𝑢𝑏 𝑟𝑖𝑛𝑔 𝑜𝑓 𝑅 

(𝑖) 𝐶𝑙𝑒𝑎𝑟𝑙𝑦 𝑆 ≠ ∅ 𝑎𝑛𝑑 𝑆 ⊆ 𝑅 

(𝑖𝑖)𝐿𝑒𝑡 𝐴, 𝐵 ∈ 𝑆 𝑠𝑜 𝑡ℎ𝑎𝑡 𝐴 = [
𝑎1 𝑏1

0 𝑐1
] ;   𝐵 = [

𝑎2 𝑏2

0 𝑐2
] 𝑤ℎ𝑒𝑟𝑒 𝑎1, 𝑏1, 𝑐1, 𝑎2, 𝑏2, 𝑐2 ∈ ℤ  

𝑁𝑜𝑤 𝐴 − 𝐵 = [
𝑎1 − 𝑎2 𝑏1 − 𝑏2

0 𝑐1 − 𝑐2
] ∈ 𝑆 𝑠𝑖𝑛𝑐𝑒 𝑎1 − 𝑎2, 𝑏1 − 𝑏2, 𝑐1 − 𝑐2 ∈ ℤ  

𝐴𝑙𝑠𝑜 𝐴𝐵 = [
𝑎1 𝑏1

0 𝑐1
] [

𝑎2 𝑏2

0 𝑐2
] = [

𝑎1𝑎2 𝑎1𝑏2 + 𝑏1𝑐2

0 𝑐1𝑐2
] ∈ 𝑆 𝑠𝑖𝑛𝑐𝑒 𝑎1𝑎2, 𝑎1𝑏2 + 𝑏1𝑐2, 𝑐1𝑐2 ∈ ℤ  

∴  𝐴, 𝐵 ∈ 𝑆 ⟹ 𝐴 − 𝐵 ∈ 𝑆 ; 𝐴 ∙ 𝐵 ∈ 𝑆 ⟹ 𝑆 𝑖𝑠 𝑆𝑢𝑏 𝑟𝑖𝑛𝑔 𝑜𝑓 𝑅 

𝟐. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝑰 = {[
𝒂 𝒃
𝟎 𝟎

] 𝒂⁄ , 𝒃 ∈ ℤ}  𝒊𝒔 𝒂  𝒓𝒊𝒈𝒉𝒕 𝒊𝒅𝒆𝒂𝒍 𝒃𝒖𝒕 𝒏𝒐𝒕 𝒍𝒆𝒇𝒕 

 𝒊𝒅𝒆𝒂𝒍 𝒐𝒇 𝒕𝒉𝒆 𝒓𝒊𝒏𝒈 𝒐𝒇 𝟐 × 𝟐 𝒎𝒂𝒕𝒓𝒊𝒄𝒆𝒔 𝒘𝒉𝒐𝒔𝒆 𝒆𝒍𝒆𝒎𝒆𝒏𝒕𝒔 𝒂𝒓𝒆 𝒊𝒏𝒕𝒆𝒈𝒆𝒓𝒔. 

(𝑶𝑹) 

𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝑰 = {[
𝟎 𝟎
𝒂 𝒃

] 𝒂⁄ , 𝒃 ∈ ℤ}  𝒊𝒔 𝒂  𝒓𝒊𝒈𝒉𝒕 𝒊𝒅𝒆𝒂𝒍 𝒃𝒖𝒕 𝒏𝒐𝒕 𝒍𝒆𝒇𝒕 

 𝒊𝒅𝒆𝒂𝒍 𝒐𝒇 𝒕𝒉𝒆 𝒓𝒊𝒏𝒈 𝒐𝒇 𝟐 × 𝟐 𝒎𝒂𝒕𝒓𝒊𝒄𝒆𝒔 𝒘𝒉𝒐𝒔𝒆 𝒆𝒍𝒆𝒎𝒆𝒏𝒕𝒔 𝒂𝒓𝒆 𝒊𝒏𝒕𝒆𝒈𝒆𝒓𝒔 
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𝑺𝒐𝒍: 𝐺𝑖𝑣𝑒𝑛  𝐼 = {[
𝑎 𝑏
0 0

] 𝑎⁄ , 𝑏 ∈ ℤ} 

𝐿𝑒𝑡 𝑅 𝑏𝑒 𝑡ℎ𝑒  𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 2 × 2 𝑚𝑎𝑡𝑟𝑖𝑐𝑒𝑠 𝑤ℎ𝑜𝑠𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑎𝑟𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑠. 

∴ (𝑅, +,∙) 𝑖𝑠 𝑟𝑖𝑛𝑔 𝑢𝑛𝑑𝑒𝑟 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑚𝑎𝑡𝑟𝑖𝑐𝑒𝑠. 

(𝑖) 𝐶𝑙𝑒𝑎𝑟𝑙𝑦 𝐼 ≠ ∅ (∵ [
0 0
0 0

] ∈ 𝐼)   𝑎𝑛𝑑 𝐼 ⊆ 𝑅. 

(𝑖𝑖) 𝐿𝑒𝑡 𝐴, 𝐵 ∈ 𝐼 𝑠𝑜 𝑡ℎ𝑎𝑡 𝐴 = [
𝑎1 𝑏1

0 0
] ;   𝐵 = [

𝑎2 𝑏2

0 0
] 𝑤ℎ𝑒𝑟𝑒 𝑎1, 𝑏1, 𝑎2, 𝑏2 ∈ ℤ  

𝑁𝑜𝑤 𝐴 − 𝐵 = [
𝑎1 − 𝑎2 𝑏1 − 𝑏2

0 0
] ∈ 𝐼 𝑠𝑖𝑛𝑐𝑒 𝑎1 − 𝑎2, 𝑏1 − 𝑏2 ∈ ℤ  

𝐿𝑒𝑡 𝑋 = [
𝑙 𝑚
𝑛 𝑝

] ∈ 𝑅 𝑤ℎ𝑒𝑟𝑒 𝑙, 𝑚, 𝑛, 𝑝 ∈ ℤ 

𝑁𝑜𝑤  𝐴𝑋 = [
𝑎1 𝑏1

0 0
] [

𝑙 𝑚
𝑛 𝑝

] = [
𝑎1𝑙 + 𝑏1𝑛 𝑎1𝑚 + 𝑏1𝑝

0 0
] ∈ 𝐼 

 𝑠𝑖𝑛𝑐𝑒 𝑎1𝑙 + 𝑏1𝑛, 𝑎1𝑚 + 𝑏1𝑝 ∈ ℤ  

∴  𝐼 𝑖𝑠 𝑎 𝑟𝑖𝑔ℎ𝑡 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅 

 𝑏𝑢𝑡 𝑤𝑒 ℎ𝑎𝑣𝑒 𝐴 = [
1 1
0 0

] ∈ 𝐼 𝑎𝑛𝑑 𝑋 = [
1 1
1 1

]  ∈ 𝑅 

∴ 𝑋𝐴 = [
1 1
1 1

] [
1 1
0 0

] = [
1 1
1 1

] ∉ 𝐼 

∴  𝐼 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑙𝑒𝑓𝑡 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅 

𝟑. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝑰 = {[
𝒂 𝟎
𝒃 𝟎

] 𝒂⁄ , 𝒃 ∈ ℤ}  𝒊𝒔 𝒂 𝒍𝒆𝒇𝒕 𝒊𝒅𝒆𝒂𝒍 𝒃𝒖𝒕 𝒏𝒐𝒕 𝒓𝒊𝒈𝒉𝒕 

 𝒊𝒅𝒆𝒂𝒍 𝒐𝒇 𝒕𝒉𝒆 𝒓𝒊𝒏𝒈 𝒐𝒇 𝟐 × 𝟐 𝒎𝒂𝒕𝒓𝒊𝒄𝒆𝒔 𝒘𝒉𝒐𝒔𝒆 𝒆𝒍𝒆𝒎𝒆𝒏𝒕𝒔 𝒂𝒓𝒆 𝒊𝒏𝒕𝒆𝒈𝒆𝒓𝒔. 

(𝑶𝑹) 

𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝑰 = {[
𝟎 𝒂
𝟎 𝒃

] 𝒂⁄ , 𝒃 ∈ ℤ}  𝒊𝒔 𝒂  𝒍𝒆𝒇𝒕 𝒊𝒅𝒆𝒂𝒍 𝒃𝒖𝒕 𝒏𝒐𝒕 𝒓𝒊𝒈𝒉𝒕 

 𝒊𝒅𝒆𝒂𝒍 𝒐𝒇 𝒕𝒉𝒆 𝒓𝒊𝒏𝒈 𝒐𝒇 𝟐 × 𝟐 𝒎𝒂𝒕𝒓𝒊𝒄𝒆𝒔 𝒘𝒉𝒐𝒔𝒆 𝒆𝒍𝒆𝒎𝒆𝒏𝒕𝒔 𝒂𝒓𝒆 𝒊𝒏𝒕𝒆𝒈𝒆𝒓𝒔 

𝑺𝒐𝒍: 𝐺𝑖𝑣𝑒𝑛  𝐼 = {[
𝑎 0
𝑏 0

] 𝑎⁄ , 𝑏 ∈ ℤ} 

𝐿𝑒𝑡 𝑅 𝑏𝑒 𝑡ℎ𝑒  𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 2 × 2 𝑚𝑎𝑡𝑟𝑖𝑐𝑒𝑠 𝑤ℎ𝑜𝑠𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑎𝑟𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑠. 
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∴ (𝑅, +,∙) 𝑖𝑠 𝑟𝑖𝑛𝑔 𝑢𝑛𝑑𝑒𝑟 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑚𝑎𝑡𝑟𝑖𝑐𝑒𝑠. 

(𝑖) 𝐶𝑙𝑒𝑎𝑟𝑙𝑦 𝐼 ≠ ∅ (∵ [
0 0
0 0

] ∈ 𝐼)   𝑎𝑛𝑑 𝐼 ⊆ 𝑅. 

(𝑖𝑖) 𝐿𝑒𝑡 𝐴, 𝐵 ∈ 𝐼 𝑠𝑜 𝑡ℎ𝑎𝑡 𝐴 = [
𝑎1 0
𝑏1 0

] ;   𝐵 = [
𝑎2 0
𝑏2 0

] 𝑤ℎ𝑒𝑟𝑒 𝑎1, 𝑏1, 𝑎2, 𝑏2 ∈ ℤ  

𝑁𝑜𝑤 𝐴 − 𝐵 = [
𝑎1 − 𝑎2 0
𝑏1 − 𝑏2 0

] ∈ 𝐼 𝑠𝑖𝑛𝑐𝑒 𝑎1 − 𝑎2, 𝑏1 − 𝑏2 ∈ ℤ  

𝐿𝑒𝑡 𝑋 = [
𝑙 𝑚
𝑛 𝑝

] ∈ 𝑅 𝑤ℎ𝑒𝑟𝑒 𝑙, 𝑚, 𝑛, 𝑝 ∈ ℤ 

𝑁𝑜𝑤  𝑋𝐴 = [
𝑙 𝑚
𝑛 𝑝

] [
𝑎1 0
𝑏1 0

] = [
𝑎1𝑙 + 𝑚𝑏1 0
𝑎1𝑛 + 𝑏1𝑝 0

] ∈ 𝐼 

 𝑠𝑖𝑛𝑐𝑒 𝑎1𝑙 + 𝑚𝑏1, 𝑎1𝑛 + 𝑏1𝑝 ∈ ℤ  

∴  𝐼 𝑖𝑠 𝑎 𝑙𝑒𝑓𝑡 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅 

 𝑏𝑢𝑡 𝑤𝑒 ℎ𝑎𝑣𝑒 𝐴 = [
1 0
1 0

] ∈ 𝐼 𝑎𝑛𝑑 𝑋 = [
1 1
1 1

]  ∈ 𝑅 

∴ 𝐴𝑋 = [
1 0
1 0

] [
1 1
1 1

] = [
1 1
1 1

] ∉ 𝐼 

∴  𝐼 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑟𝑖𝑔ℎ𝑡 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅 

𝟒. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝑺 = {[
𝒂 𝟎
𝟎 𝒃

] 𝒂⁄ , 𝒃 ∈ ℤ}  𝒊𝒔 𝒂 𝑺𝒖𝒃 𝒓𝒊𝒏𝒈 𝒐𝒇 𝒕𝒉𝒆 𝒓𝒊𝒏𝒈 𝒐𝒇  

𝟐 × 𝟐 𝒎𝒂𝒕𝒓𝒊𝒄𝒆𝒔 𝒘𝒉𝒐𝒔𝒆 𝒆𝒍𝒆𝒎𝒆𝒏𝒕𝒔 𝒂𝒓𝒆 𝒊𝒏𝒕𝒆𝒈𝒆𝒓𝒔 𝒃𝒖𝒕 𝒘𝒉𝒊𝒄𝒉 𝒏𝒆𝒊𝒕𝒉𝒆𝒓 𝒍𝒆𝒇𝒕 𝒊𝒅𝒆𝒂𝒍  

𝒏𝒐𝒓 𝒓𝒊𝒈𝒉𝒕 𝒊𝒅𝒆𝒂𝒍  . 

(𝑶𝑹) 

𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝑺 = {[
𝟎 𝒂
𝒃 𝟎

] 𝒂⁄ , 𝒃 ∈ ℤ}  𝒊𝒔 𝒂 𝑺𝒖𝒃 𝒓𝒊𝒏𝒈 𝒐𝒇 𝒕𝒉𝒆 𝒓𝒊𝒏𝒈 𝒐𝒇  

𝟐 × 𝟐 𝒎𝒂𝒕𝒓𝒊𝒄𝒆𝒔 𝒘𝒉𝒐𝒔𝒆 𝒆𝒍𝒆𝒎𝒆𝒏𝒕𝒔 𝒂𝒓𝒆 𝒊𝒏𝒕𝒆𝒈𝒆𝒓𝒔 𝒃𝒖𝒕 𝒘𝒉𝒊𝒄𝒉 𝒏𝒆𝒊𝒕𝒉𝒆𝒓 𝒍𝒆𝒇𝒕 𝒊𝒅𝒆𝒂𝒍  

𝒏𝒐𝒓 𝒓𝒊𝒈𝒉𝒕 𝒊𝒅𝒆𝒂𝒍  . 

𝑺𝒐𝒍: 𝐺𝑖𝑣𝑒𝑛  𝑆 = {[
𝑎 0
0 𝑏

] 𝑎⁄ , 𝑏 ∈ ℤ} 

𝐿𝑒𝑡 𝑅 𝑏𝑒 𝑡ℎ𝑒  𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 2 × 2 𝑚𝑎𝑡𝑟𝑖𝑐𝑒𝑠 𝑤ℎ𝑜𝑠𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑎𝑟𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑠. 
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∴ (𝑅, +,∙) 𝑖𝑠 𝑟𝑖𝑛𝑔 𝑢𝑛𝑑𝑒𝑟 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑚𝑎𝑡𝑟𝑖𝑐𝑒𝑠. 

(𝑖) 𝐶𝑙𝑒𝑎𝑟𝑙𝑦 𝑆 ≠ ∅ (∵ [
0 0
0 0

] ∈ 𝑆)   𝑎𝑛𝑑 𝑆 ⊆ 𝑅. 

(𝑖𝑖) 𝐿𝑒𝑡 𝐴, 𝐵 ∈ 𝐼 𝑠𝑜 𝑡ℎ𝑎𝑡 𝐴 = [
𝑎1 0
0 𝑏1

] ;   𝐵 = [
𝑎2 0
0 𝑏2

] 𝑤ℎ𝑒𝑟𝑒 𝑎1, 𝑏1, 𝑎2, 𝑏2 ∈ ℤ  

𝑁𝑜𝑤 𝐴 − 𝐵 = [
𝑎1 0
0 𝑏1

] [
𝑎2 0
0 𝑏2

] = [
𝑎1𝑎2 0

0 𝑏1𝑏2
] ∈ 𝑆 𝑠𝑖𝑛𝑐𝑒 𝑎1𝑎2, 𝑏1𝑏2 ∈ ℤ  

𝐴𝑙𝑠𝑜  𝐴𝐵 = [
𝑎1 − 𝑎2 0

0 𝑏1 − 𝑏2
] ∈ 𝑆 𝑠𝑖𝑛𝑐𝑒 𝑎1 − 𝑎2, 𝑏1 − 𝑏2 ∈ ℤ  

∴  𝐴, 𝐵 ∈ 𝑆 ⟹ 𝐴 − 𝐵 ∈ 𝑆 ; 𝐴 ∙ 𝐵 ∈ 𝑆 ⟹ 𝑆 𝑖𝑠 𝑆𝑢𝑏 𝑟𝑖𝑛𝑔 𝑜𝑓 𝑅 

𝐵𝑢𝑡 𝑓𝑜𝑟 𝐴 = [
1 0
0 1

] ∈ 𝑆, 𝑋 = [
1 1
1 1

] ∈ 𝑅 

𝑁𝑜𝑤  𝑋𝐴 = [
1 1
1 1

] [
1 0
0 1

] = [
1 1
1 1

] ∉ 𝑆 

∴  𝑆 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑙𝑒𝑓𝑡 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅 

 𝐴𝑙𝑠𝑜  𝐴𝑋 = [
1 0
0 1

] [
1 1
1 1

] = [
1 1
1 1

] ∉ 𝑆 

∴  𝑆 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑟𝑖𝑔ℎ𝑡 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅. 

𝐻𝑒𝑛𝑐𝑒 𝑆 𝑖𝑠 𝑛𝑒𝑖𝑡ℎ𝑒𝑟 𝑙𝑒𝑓𝑡 𝑖𝑑𝑒𝑎𝑙 𝑛𝑜𝑟 𝑟𝑖𝑔ℎ𝑡 𝑖𝑑𝑒𝑎𝑙 

 

 

 

 

 

 

 

 

 

 


